Now consider the case when a = b = ¢ > 0. The inequality of the problem is then
equivalent to

2sinx  tanxz
a( ‘3111’1‘+an”[‘_3>>0.

T
We have
2sinx 22 at
= 2— — 4+ —— d
z 3 160 at
tanz 14 x2 n 274 n 1725
r 3 15 315

Then the left side of the inequality is

2_$2+:L'4_ . 1+x2+2x4+17x6+ _3
“ 3760 3715 315 ’

and the inequality of the problem can be written as
zt 226 n . 224 n 1720 n
“I\6o 7 T 15 ' 315

. ™ . . . . .
On the interval (0, 5), the alternating series part is a convergent series whose terms in

absolute value are decreasing and whose first term is positive. Thus both series inside
the brackets are positive and the inequality of the problem is correct for positive

numbers a, b, and ¢ for x in the interval (O, %)

Also solved by Arkady Alt, San Jose, CA; Ed Gray, Highland Beach, FL;
Kee-Wai Lau, Hong Kong, China; Adrian Naco, Polytechnic University,
Tirana, Albania; Paolo Perfetti, Department of Mathematics, “Tor
Vergata,” University,Rome, Italy; Angel Plaza, University of Las Palmas de
Gran Canaria, Spain; Boris Rays, Brooklyn, NY, and the proposer.

5233: Proposed by Anastasios Kotronis, Athens, Greece

1+1n2
Let z > — 2

and let f(z) be the function defined by the relations:

(@) —In f(x)
f(x)

x
V2
5

Y

e 1. Calculate ”lim f(z)

Tr—+00 \/E
+oo
e 2. Find the values of a € R for which the series Z k ( f(k) — \/E> converges.

k=1
e 3. Calculate lim M
T—>+00 Inz

, if it exists.

, if it exists.

11



Solution 1 by Arkady Alt, San Jose, CA

1+1In2
1. Since = > +on

and f(z)> \/75 then

2\ . 1+ml2 2 1
111f(37)+x2$+1n(%>> the_ me_

- 2 2 2

and, therefore, for such x and f(z) we have

Pla)—Infz) =z =

flz)=y/x +In f(x) and

flz) >, x+1n<§> =\/x—1“72.

Hence, lim f(x) = o0
X—r—+00

Since f(x) > 0 then

In f(z)
2)—Inf(z) =0 — x:x+
12(w) ~ [ (@) £ = 55+ )
and, therefore,
x In f(x)
<
flay< \/W* 7 (o)
x —_——
2
Hence,
x — hl_2
7 _f@) . VE | i@
Vi S VB S [ W2 Vi@
2
Since
. In2
e A Inf(z) _
Lgr-ir-loo \/E o 1’:::11;-‘,1-100 n2 1 andxgrﬁr}oo f(z) =0
2
Then by the squeeze principle we obtain
- fl=)
Jm T =t

< Inn
2. First note that series > — is convergent if p > 1 and divergent if p < 1.
n=1 T

1-— o0
(Let p>1ande= Tp Since p — e = 53”2_—1 > 1 then series nZ::1 s is convergent.

1
There is ng € N such that Inn < n for all n > ng (because ILm n_;z = 0 for any ¢ > 0).
n—o0o0 n
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Hence,

. Inn  Xlnk < Inn Xlnk Xonf X > 1
n _ ghlnk gl ghInk o S ey Y
n=1 nP k=1 kP n=no+1 nk k=1 kP n:no+1np k=1 n=no+1 npe
x 1 > 1 © 1
If p <1 then Y nn > Z —, where by p test Y — is divergent series and, therefore,
n=3 n¥ ne3 np n—=3 NP
< Inn
the series Y, —— is divergent.)
n=1 NP
In f(: 1
Also note that lim nf(z) = —. Indeed,
z—+oo Inx 2

lim (21n—f(x)_1> o 1n<f\%)>

T—r+00 Inz

z—too lnx x—too

— 9 lim ——. lim 1n<f(35)>

= 2 lim L-ln( lim f\}f)>:2-0-ln1:0.

r——+00 x

Since

Pl)-f@) =z < f@) - Vo= ==

n®In f(n)

na(f(”)—\/ﬁ):m

and, therefore,

U (L )y T
n—oco  pa=1/2lnp  n=oo \ne=12lnn f(n) +/n n—oo (f(n) ++/n)lnn

I V() o I f)

1
e <L\/%) + 1> Inn I m g

oo}
Thus, by the limit convergency test, both series Y n®(f(n) —+/n) and

=

< Inn !
> ra have the same character of convergency.
n=1mNn

< Inn
Since > —7ag converges if1/2—a>1 <= a < —1/2 and diverges if

n=1"N

o0

1/2—a <1 < —1/2 < a we may conclude that series > n%(f(n) —+/n) is

n=1

convergent if o < —1/2 and divergent if —1/2 < a.

13



3. Since

€Xr) — xr = —lnf(q:) 1€
f@)=ve = v ia
Vaf(z) —

lim Y2\ 2 im M

x—r+00 Inx T—+00 Inx

Valin f(z)

APz (f@) + Vo)

VA f(@)
o= e (F(z) + V)

= lim _lnf(x).
z—+oo Inz r—>+oo (3:)

Tt

l\DI.—l
DN | =
i

Solution 2 by Paolo Perfetti, Department of Mathematics, “Tor Vergata”
University, Rome, Italy

e 1. The function t2 — Int is strictly increasing for ¢ > 1/ v/2 thus the equation

—Int = z admits a unique solution for any x > (1 + In2)/2. This defines the function
f(x) of the problem which is strictly increasing and then it admits the limit L which can
be finite of infinite. If L is finite the equation f?(x) = In f(x) + 2 cannot hold thus
L = 400. Morcover the differentiability of 2 — Int assures the differentiability of f(z)
and in particular

2 =L i1 — -
S 2f2 -1
whence using 'Hopital
N - I N
A T = 2= i 2 ey = = i e =

1 1
e 2. We have f(z) =/ + o(y/z) thus In f(z) = 5 Inz+1In(1+40(1)) = 5 Inz + o(1) and

Z\/:L’—I—lnf:\/x+%ln$+o(1):\/§\/1+%m_x+@
T T

whence
f@) = v (1475 0 (22)
and then
gkau(m ~ k) = g}l [ka"14k ket (l“k)} Zka"lnk (1 +o (D)
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